SCHUBERT VARIETIES AND THE FUSION PRODUCTS 



B.FEIGIN AND E.FEIGIN 



Abstract. For each A £ N n we define a Schubert variety sh^ as a closure of 
the SL2(C[t])-orbit in the projectivization of the fusion product M A . We clar- 
ify the connection of the geometry of the Schubert varieties with an algebraic 
structure of M A as SI2 ® C[t] modules. In the case, when all the entries of A 
are different, sh.4 is smooth projective complex algebraic variety. We study its 
geometric properties: the Lie algebra of the vector fields, the coordinate ring, 
the cohomologies of the line bundles. We also prove that the fusion products 
can be realized as the dual spaces of the sections of these bundles. 



Introduction 

The main goal of the paper is the study of the closure of the orbit of the lowest 
weight vector in the fusion product of the SI2 modules. Let us recall the main 
definitions (see [FTTllFFTj h 

We start with an abelian situation. Consider an abelian one-dimensional Lie 
algebra with a basis e. Let C ai ~ C[e]/e ai , i = 1, . . . , n be its cyclic modules with 
a cyclic vector 1. For Z = {z\, . . . ,z n ) G C™ with a distinct entries consider the 
tensor product C ai (z^) of the evaluation representations of the Lie algebra 

e <g> C[t] (recall that for the representation V of the Lie algebra g and the complex 
number z the evaluation module V(z) of the current algebra g®C[t] coincides with 
V as a vector space and the action is given by the formula xj ■ v = z J (x ■ v) for 
Xj = x ® P , x S g, v S V). Surely, C as (zi) is cyclic C[e U; . . . , e„_i] module 

with a cyclic vector being the product of the cyclic vectors of C[e]/e a; and thus is 
isomorphic to the quotient of the ring C[eo, . . . , e n -i] by some ideal I(Z). It was 
proved in .l 'I 'lj that the family of the ideals I(Z) can be continuously extended to 
any point of the configuration space C n . Thus, for any Z G C™ we have a quotient 
M A (Z) = C[e , . . . , en_i]//(Z), where A = (a u . . . , a n ) € W 1 . 

Let 2l„ be an abelian Lie group, generated by exp(tjei),i$ £C,0<i<n. For 
a vector v £ V denote by [v] G P(V) the line C • v. Define a Schubert variety 
sh.A{Z) F(M A (Z)) as a closure of the 2l„-orbit of the point [u], where u is a 
cyclic vector in M A (Z): 



sh A (Z)=2l n -[ M ]^P(A/ A (Z)). 
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Surely, for the Z with pairwise distinct Z{ s\va{Z) ~ P 1 x . . .xP' , Now, let i\ 

n 

. . . + i s = n and 

Z = (zi, . . . , 2i, Z 2 , ■ ■ • , Z 2 , ■ ■ • , Z s , . . . , Z s ), Zj ^ Zj. 



In | FFlj it was proved that 

(1) M A (Z) ~ M( ai -- a *x)( 2l) ...,«!) ® ... ® M (a„- IS + 1 ,..,a„) (zs; ^ 

It was also shown in |FF1| that for any z £ C M A (z, . . . , z) is isomorphic to 
M (0, ... ,0) and the isomorphism is given by the shift z — > 0. Denote sh^ = 
sh J 4(0, . . . , 0). From the formula (JTJ we obtain 

sh A (Z) ~ sh( Olj ... i01i) x ... x sh (o „_ (a+li ... >a „). 

(Note that the family sh^Z) defines a variety Sh^, which is fibered over C n with 
a fiber over a point Z being sh J 4(Z), but we do not study Shyt in this paper). 

Recall that in jFFlj M (0, ... ,0) was identified with a fusion product of the 
modules. Thus the varieties sIia can be defined in terms of the fusion product. 
Recall the main points. 

Let e,h,f be the standard sl 2 basis, C ai ,...,C a " - irreducible sl 2 modules, 
Z\,...,z n - a set of the pairwise distinct complex numbers. Surely, the tensor 
product ®C ai (zi) is a cyclic sl 2 (E> C[t] module with a cyclic vector Wa being the 
tensor product of the lowest weight vectors (with respect to the h grading). Thus 
we have a filtration F s on (^) C ai (zi) (recall that Xj = x ® P) 

F s = {x^ . . . x^va : £sl 2 ,n + ... + i k <s). 

The adjoint graded module is denoted by C ai * ... * C a " or simply M A for A — 
(oi, . . . , a„). Let G M" 4 be the image of Wa- Surely, 

M A = C/(sI 2 ® C[t]) ■ v A = U(e ® C[t}) ■ v A 

(in fact, the operators from sl 2 <g> t z , i > n vanish on M A ). 

Consider a group SL 2 (C[i]) acting on M A , and thus on its projectivization 
V(M A ). The Schubert variety can be defined as follows: it is the closure of the 
SL2(C[t])-orbit of the point [va\- So 

sh A = SL 2 (C[t])-M ^ V(M A ). 

These are complex projective algebraic varieties. They can be described as a sub- 
varieties of the product of the affine sl 2 grassmanians. In fact, this is a consequence 
from the results from |FF2| . where the fusion products were embedded into the 
tensor product of the integrable irreducible level 1 sl 2 modules. Let us give some 
details. 

For A = (ai < . . . < a n ) £ N" define D = (efi, . . . , d an ) with d. t = #{j : aj = i}. 
In |FF2j for any such D the integrable sl 2 module L D was constructed. It has 
two descriptions: as an inductive limit of some special fusion products and as a 
submodule of the tensor product of the irreducible level one sl 2 modules. The first 
construction is the following one. 

Let ai = <2j-|_i. In |FF2| the following exact sequence of s[ 2 <E> C[t] modules was 
constructed: 

> ^j{ a l,---, a i-l, a i + 2:---,a n ) > ^ ^(oi,...,o<-i,o< — l,Oi+l+l,0<+l,...,O n ) y Q 
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(note that the corresponding relation for the g-characters of the modules from 
can be found in |SWlll5\V2j ). Introduce a notation 

A^ — (ai, . . . , a n , On, On). 

v ' 

From {2) we obtain an embedding M A<% ' <—* M Ai + ' . This allows us to construct 
an inductive limit of the modules M Ai , which is denoted as L D : 

(3) L D = M A ^ M AW ^ M A ™ ^ . . . . 

By its definition, L D is 5I2 <E> C[t] module. It was proved in |FF2j that in fact it 
carries a structure of the level (a n — 1) sfe module. 

These modules can be also described as a submodules of the tensor product of 
the level one SI2 modules. Let Lq,i and £1,1 be two level one irreducible integrable 
SI2 modules (Lo,i is a vacuum module). Denote by v(2k) the set of the extremal 
vectors in £0,1 and by v(2k + l) the set of the extremal vectors in Li t i. For example, 
u(0) £ Lq i is a vacuum vector, v(l) G L\ t \ is a highest vector and 

ei-iv(i) — v(i — 2); ekv(i) = if k > i — 1. 

We have 

L 13 = C7(sb) • (w(n - 4) ® «(n - d x - da) ® • • • <8> v(n - d\ - . . . - d „-i)) • 

This module is a submodule of the tensor product L Plt \ (8> . . . (8> i Pa where 
Pi = 0, if n — di — . . . — di is even and pi — 1 otherwise. 

Now we can embed the Schubert varieties sh^ into the product of the affine sl 2 
grassmanians. Let Gtq and Gr\ be even and odd 5I2 affine grassmanians, i.e. a 
subvarieties of P(Lo,i) and P(Li,i) correspondingly: 

Gr = SL 2 - [«(0)j, Gn = SL 2 ■ [«(1)]. 

Let be an SL2-orbit in the product Gr pi x . . . x Gr Pa _ 1 : 

= SL 2 • ([u(n - di)] x [u(n - di - da)] x • • • x [u(n — d\ — . . . — d an _i]) . 

Then we define the generalized affine SI2 grassmanian as the closure of Oa m Gr pi x 
. . . x Gr Pa _ t : Gta = Oa- Surely, Gta is a subvariety of the projective space P(L D ) 
(again, Gta is a closure of the SL2-orbit of the point). Let us give some examples: 

(1) GV( 2 .3) *^-> Gro x Gri is the flag manifold for the group SL2. 

(2) lfA = (2,..., 2), then Gr A = Gr . 

2n 

(3) If A = (2, ... , 2), then Gr A = Gn. 

2n+l 

Because of the definition we have the approximation of Gta by the finite- 
dimensional Schubert varieties. Namely, the generalized grassmanian is an inductive 
limit 

Gr A = sIia ^> sh A( i) sh A <2) 

(For the another approach to the study of the infinite-dimensional varieties of the 
above type see |FS1| ). 

The structure of the Schubert varieties sIia depends on the number of the differ- 
ent elements among ai. For example, if all the numbers ai are different, then sIia 
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is smooth. Otherwise, it has singularities, and the structure of these singularities 
depends on the number of such i that a, < a,-_(-i (recall that we put a, < a^+i). In 
this paper we concentrate on the study of the smooth case (though some theorems 
will be proved in the whole generality). 

We start with a proof that for all A with <Zj < dj+i the corresponding Schubert 
varieties are isomorphic. In order to prove that we construct a bundle sh^ — > P 1 
with a fiber sh( Ql ,... i0 „_ 1 ) and show that the transition functions of this bundle do 
not depend on A. Let us give some details. Let ua be the highest weight vector 
in M A (so ua — w ■ va, where w is the Weyl element from SL2 SL2(C[i]/t n )). 
There are two so-called big cells in sh^: 





U x = exp > ax, ■ [va], U y = exp > foyj ■ [u A ], x l: yj £ 



Both of these cells are isomorphic to C" and the closure of each is sh^- We also 
have that U x U U y = G • [v A ], where G = SL 2 (C[t]/i n ). Moreover, 



G • [va] = Ux [ J exp I y~] /ij/j • [u A ] 




We prove that exp (J27=o e % x i) 1 \ v a] = exp fe"=o ' if 

(4) (z + txi + . . . + i^^-iXyo +% + ... + = 1 

in the ring C[t]/t n . Now, one can define a map Us SL 2 • [v A ] ~ P 1 by the formula 

ex P (S™=o 1 e i x i) ' [ v a] — * exp(eoa;o) ■ [va]- We prove that this map can be extended 

to the bundle sh (n) -> P 1 with the fiber sh ( ™ _1) (this fiber comes from the following 
statement - see |FFT] : C[e x , . . . , e„_i] • [v A ] ^ M^ ai '—' a "-^). So from the formula 
(@J we obtain that sh^ is independent on A. We denote this variety by sir 

The latter can be described as a generalized flag manifold F (see |SP|). Consider 
the variety of the sequences of the spaces 

C[t] © C[t] = V ^ Vi ^ . . . ^ V„ 

with a properties tVt Vi+i and dim(Vi_i/Vi) = 1. Using the obvious projection 
F — > P 1 ~ P(Vo/iVb) and an action of SL2(C[f]) on F we prove that F is isomorphic 
to sh < -™' ) . (Note that for any A with possibly coinciding elements the variety slu 
can be also described via the construction of this type, but we do not study it in 
the present paper). 

We have already mentioned that there exists a bundle sir"-' — * P 1 with a fiber 
sh (n_1) . In fact, we have even more interesting picture: we prove that there are 
in-between bundles sh (n) -> sh ( "- 1} -►...-> sh (2) -> sh (1) (note that sh (1) = P 1 ), 
such that any map sh (m+fe) sh (m > is a bundle with a fiber sh«. We denote such 
maps by n m +k, m - 

The next point of the study is the Lie algebra of vector fields on sir . We 
prove that it practically coincides with a "base" Lie algebra sb ® (C[t]/t n ). There 
are some additional operators, acting on M A : these are an annihilation operators 
Lq, . . . , L„_ 2 from the Virasoro algebra (for x 6 sl 2 we have [Li, x®P] = —jx®t i+ i). 
As we have already mentioned, M A is embedded into the integrable sl 2 module L D . 
Thus, we have an action of the Virasoro algebra on L D and hence on M A . Note 
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that the existence of the vector fields from 5I2 (8> (C[t]/t n ) is obvious from the 
definition of sh'"* 1 . It is easy to show that Virasoro operators also generates the 
vector fields on sir"). We prove that ej, /ij, i = 0, . . . , n — 1 (here Xi — x(g)t % ) and 
Li,i = 0, . . . , n — 2 form a basis of the Lie algebra Vect(sh < -™- ) ). For the proof, we 
compute the transition matrix for the bundle of the vector fields, which are tangent 
to the fibers of Tt n ,i- This allows us to show that dim Vect(sh < -™- ) ) = 4n — 1. 

Note that the first definition of the varieties shu was given via the abelian Lie 
algebra with no 5(2 mentioned. But the current algebra 5(2 ® C[i] naturally appears 
as a main part of the Lie algebra of the vector fields on the Schubert variety. 

In jFF2j some natural submodules of the fusion product were mentioned. In this 
paper we study the structure of these submodules. They are important because 
of their connection with some SL2(C[i])-invariant subvarieties of sh*-™" 1 . Let us give 
some details. 

Using the properties of the fusion products (see |FFlllFF2] l one can show that 
for any i = 1, . . . ,n — 1 there exists a submodule S , j iJ+ i(^4) M A , such that the 
following sequence of 5(2 <£> C[t] modules is exact: 

(5) -> S l , l+1 (A) -» M A -> M (ai '-' 0i - 1 ' 0i - 1,a<+1+1 '— a " ) -> 0. 

(Note that we have already used the special case of this sequence in @). For 
example, if i = 1 then Si.i+i(A) ~ _/V/f( a 2-ai+i,a 3 ,...,a„) (the corresponding recurrent 
formula for the g-characters can be found in the works of Shilling and Warnaar). 
In the case i > 1 the structure of Si,i+i(A) is more complicated. We prove, that if 
i > 1, cii-i > 1 and a,i =/= dj+i, then there exists an exact sequence 

(6) -> M (ai '-' a - 2 - ai - 1 - a ' +a '+ 1 ' ai + 2 -' a " ) -> Si, i+ i(A) -> 

— > (ftl ) ■ • • ) a i-2, Oi— 1 — + 1, ■ ■ ■ i On) 0. 

Another description of the submodules Sa+i(A) is the following. Denote 
A 1 = (ai, . . . ,Oj_i, Oj,...,Oj ); A" = (a i+ i -Oj + 1, a i+2 — a< + 1, . . . ,a„ — Oi + 1). 

n — i — 1 

Recall that w^' and va" are the cyclic vectors of M A and M' 4 . We prove that there 
is an embedding of jsl 2 ®(C[t]/f l ) modules S^ i+ i{A) ^ M A< ' ®M A " and S l . i+1 {A) is 
generated from the vector va> ®va" by the action of the polynomials in the variables 
ej, j = 0, . . . ,n — 3 and Id ® e n _j_i, where Id is acting on M" 4 and e„_i_i on 
M A " . Thus we obtain an additional operators, acting on Si^+i(A) (surely, we 
have operators from si% ® (C[t]/t n )). The Lie algebra, acting on Si^ + i{A) can be 
described as follows. Let £j )n , < i < n be a graded Lie algebra, Li <n = ® B ijni 
where Bi tTl is a commutative graded associative algebra with generators t of degree 
1 and u of degree n — i and relations t n = 0, tu = 0, u 2 = 0. For i = let &o,rc be 
5I2 ® (C[t]/i™ +1 ). We prove that S^j+i (A) is cyclic /Cj_i ! „_ 2 module with a cyclic 
vector being the tensor product va> ® va" = Vi.i+i(A). This allows to make a 
conjecture (we do not discuss it in the paper) that Sij+i(A) is a fusion product 
itself, but with respect to the algebra £i_i jrl _2. It means that for some filtration 
on the Lie algebra ®™ =1 1 sl2, with an adjoint graded algebra being £i-i. rl -2, the 
induced filtration on the tensor product of 5(2 modules 

C Q1 ® . . . C"*- 1 <g> c a ' +1 - a ' +1 ® C ai + 2 ® . . . ® C Q " 

gives S'i ! i+i(A) as an adjoint graded module. 
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Now let us return to the varieties sh^ . Recall that there is a " big" dense orbit 
G • [va] ^ sh^ n K We want to understand the structure of the complement sh*-™' \ 
G • [va\- Wc prove that this complement is the union of n — 1 irreducible varieties 
of complex dimension n — 1, which are denoted by sh^™ 1 \i = l,...,n — 1. They 
can be described as follows: sh^™ -1 ^ is the closure of the orbit Li-i,n- 2 ■ K.i+i^)] 
in the projective space P(Si^ + i(A)), where L»-i,n-2 is the Lie group of the Lie 
algebra £, i _i i „_ 2 . In fact, the following is true: sh|" _1) = sh (n) r\W(S iii+1 (A)). 

We can give another description of sh-™ -1 ^ as a subvariety of the product of two 
Schubert varieties. Namely, we prove that 

shf- 1 ' = {(x,y) e sh<"- 2 ) x sh<"^ : ir n - 2 , n -i-i{x) = fo)}. 

For example, sh^ _1) ~ sh ( "~ 1} and sh^J^ ~ sh ( "~ 2) x P 1 . Note also that the 
classes of sh|™ _1 \ i < n and the class of the fiber of the map 7r ni i are the generators 
of the group i7 2 „_ 2 (sh (n) ,Z). 

One of the goals of this paper is to realize the fusion products as the dual spaces 
of the sections of some line bundles on sh^ . Let 

d = {exp(tei) • [v A ],t e C},i = 0, . . . ,n - 1. 

(In particular, Co = SL 2 • [va])- All these curves are P 1 and their fundamental 
classes are the generators of the group H 2 (sh^™* 1 , Z) . Note also that the classes 
of C n -i, < i < n form the dual basis with respect to the basis of the group 
-ff 2 n- 2 (sh^™- 1 , Z), mentioned above. One can show that any line bundle on sh^ is 
uniquely determined by its restriction to the lines d. Let £ be a line bundle and 
£|Cj = 0{h). We denote such bundle as 0(6 n _i, 6„_ 2 — 6 n _i, . . . ,b — b\). 

Remark. Recall that we have already mentioned that there exists a variety Sh.A, 
which is fibered over C™ with a fiber s\ia(Z). If ai ^ dj, then Sh.A doesn't depend 
on A and we denote it by Sh„. Note that any line bundle 0(ci, . . . , c„) on sh„ is a 
restriction of some line bundle on Sh„ to the "special" fiber. The restriction of the 
latter bundle to the general fiber - which is simply P 1 x . . . xP 1 - is 0(ci)E3. . .K10(c n ). 

Recall that for all A with pairwise distinct elements we have an embedding 
i A '■ sh^ P(M A ). We prove that for exceptional A (with en = dj for some 
i 7^ j) there exists a surjective birational map tua ■ sh*-"-* — > shyi and hence a 
map ia '■ sh*-" - ** — ► P(M A ), which is a composition of tua and the embedding of 
sh.A to P(A1 A ) (surely, i~a is not an embedding). Note that in fact the map vtia 
is a resolution of the singularities of the singular variety sh^. A natural way of 
constructing the line bundles on sh^ is taking the inverse image of the bundles on 
¥(M A ). It is easy to show that 

»iO(l) = 0(oi-l,...,a n -l) 

and for the exceptional A 

a*o(i) = o(oi-i,...,o„-i). 

The main theorem, proved in the last section, states that if 1 < a\ < a 2 < . . . < a n , 
then there is an isomorphism of sl 2 (g> C[t]/t n modules: 

(7) H°(sh^ n \ 0(ai — 1, . . . ,a n — 1))* ~ M A . 
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Because of the existence of the maps %a and %a it is enough to show that 

n 

dimH°(sh< n >, 0(ax, a n )) = J] (a; + 1). 

We prove a little bit more general statement: let < a\ < . . . < a n . Then 
the dimension of the zeroth cohomologies of the bundle 0(<zi, . . . , a n ) is equal to 
nr=i( ai + -0 ancl a ^ the hig ner cohomologies vanish. For the proof we restrict 
our bundles to the divisors sh|" -1 ^ and write the corresponding exact sequences. 
Note also that it is interesting to compute all cohomologies for all line bundles on 
si/"' (recall that we have an answer only for 0(ai, . . . , a n ) with nonnegative and 
nondecreasing aA. We have a conjecture that in the general case the structure 
of the cohomologies as an SI2 ® C[i] modules can be given in terms of the fusion 
products. 

Now let us clarify the connection between the exact sequence 10 and the sub- 
varieties sh|™ l \ Let < a\ < . . . < a n . Let Ji be the subspace of the sections of 
the bundle 0(oi, . . . , a n ): 

J i = {seH°(sh (n) ,0(a 1 ,...,a n )) : b^-d =0}. 

Then as 5I2 ® module the dual space J* is isomorphic to the fusion product 
jy(...,ai-i,oi+i+i,...) anc j we nave an exact sequence (which is dual to (JSJ: 

-> J, H°(sh (n) , O(oi, . . . ,On)) -» Si.i+lW 0. 

This gives us the geometric description of the modules if j is an embed- 

ding sh^ 1 ' ^sh (n) , then 

S hl+1 (A)* ~ ^(shf^, j„/0(ai, . . .,«„)). 

In the end, let us return to the infinite-dimensional varieties Gta- As we have 
already mentioned, these generalized grassmanians are the inductive limit of the 
finite-dimensional Schubert varieties sh^co , where 

= (ai, . . . , a n ,a n , . . . , a n ). 

" v ' 

Thus, for the study of the bundles on Gta we need to study the singular varieties 
sh^ti) . Although we are not doing it in this paper, let us point the main moments. 
There exists a line bundle on Gta such that the dual space H°(0)* is isomor- 
phic to the module L D (there D = (d%, . . . , d an ), di = #{j : aj = i}) (this is 
a consequence of the corresponding statement for the finite-dimensional Schubert 
varieties) . Recall that in |FF2| the module L D was decomposed into the irreducible 
components and the multiplicity Cj of each irreducible module L i an _i in the de- 
composition was given in terms of the Verlinde algebra. Moreover, each Cj inherit 
a c^-grading from L D . One can show that the corresponding polynomial in q for Cq 
is a restricted Kostka polynomial for sl 2 (see [FJKLM1I |FJKLM2| L 
The paper is organized in the following way: 

In the first section we study the geometric properties of sh^. We prove, that 
there is a bundle sh^"-* — > P 1 with a fiber sh'™ -1 -' (theorem Ijl.lll ) and a more general 
fact that for any m > k there exists a bundle sh (m) -» sh (fe) with a fiber sh (m - fc) 
(corollary We also compute the Lie algebra of the vector fields on sh*"- 1 . The 

answer is given in the theorem (|1.4|) . 
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The second section is devoted to the study of the structure of the fusion product. 
Namely, the submodules Sj^+i (A) are studied. Three descriptions of the latter 
are given. First we construct a filtration with an adjoint quotients being some 
fusion products (proposition 1)2.1)1 ), The second and the most important (for the 
geometry of the varieties sh|™ ) description gives the embedding of the module 
Si,i+i(A) to the tensor product of some special fusion products (proposition 1)2.2)0 . 
And in the lemmas 1)2. 8[l . 1)2.9(1 . we give an inductive description of Si t i+i(A) via 
Si,i+i(ai, . . . , a„_i). 

In the last section we continue the study of the geometric properties of the Schu- 
bert varieties. First in the proposition 1)3.1(1 we prove, that sh^ is a projective alge- 
braic variety: we compute its coordinate ring (for the similar "functional" construc- 
tion see |FL2| L Then we give the description of the varieties sh^ n 1 ' in terms of the 
Schubert varieties (proposition ((3.2)1 ). The paper finishes with the theorem 1)3. 1)1 . 
which computes the cohomologies of the bundles 0(ai, . . . , a„) (0 < a\ < . . . < a n ). 
As a corollary we obtain the realization of the fusion products in the dual space of 
sections of the line bundles (corollary 1)3.41) '). 

Acknowledgements. The first named author was partially supported by the 
grants SS 2044.2003.2, INTAS 00-55. The second named author was partially sup- 
ported by the RFBR grant 03-01-00167. 

1. Geometric structure of the Schubert varieties 

1.1. Definition and first properties. Let e, h, / be a standard SI2 basis. In FL1 
the set of sl% <g> C[t] modules M A , A = (ax, ■ ■ . , a n ) e N", called fusion products 
was defined. These modules are also denoted as C ai * ... * C a " . We briefly recall 
the definition and main properties (see [FLlj ). 

M A is an adjoint graded module with respect to the below filtration of the tensor 
product of the evaluation SI2 <8> C[t] modules 

C ai (zi)®...®C Q "(z„). 

Here Zi are pairwise distinct complex numbers and filtration of the tensor product 
is the following: 

F s = (eij . . -e tk VA, ^ij < s) 

(xi = x <S> t l , x G 5(2, va = Vi (8> • • • <S> V n and Vi is a lowest vector of C Qi (zi)). Thus, 
M A is an C[eo, . . . , e n -i] cyclic module with a cyclic vector va - the image of va'- 

M A — C[eo, . . . , e n _i]/ 1 a 

and I a is some ideal in the polynomial ring C[eo, . . . , e n _i]. (Surely, M A is also 
SI2 ® C[t] module). In [FFlj it is shown that I a is generated by the elements 

n 

(8) ^ e «-i-ii e «-i-i2 • ■ -e n -i-i k , k > 1, s < + 1 - aj) + 

i! + ...+i k =s j = l 

(here a+ = max(a,0)). 

Denote also by ua £ M A the image of the product of the highest weight vectors 
of C ai (zi). Then M A is also a cyclic C[/o, . . . , f n -i] module with a cyclic vector 
ua and relations of the form (JSJ . 

Consider a Lie group G = SL 2 (C of a Lie algebra s[ 2 ® (C[t]/t n ). G acts on 
M A and thus on its projectivization ¥(M A ). For v £ M A we denote by [v] £ P(M A ) 
the line Cv. 
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Definition 1.1. Let A — (at, ■ ■ ■ , a n ) eN". The Schubert variety sh.A is a closure 
of an orbit of the point [va] in P(M A ): 



sh-A — G • [va] ■ 

Denote by U+ and U- the subgroups of G, generated by exp^e^) and exp(q.ifi) 
respectively (pi, q^ S C, i = 0, . . . , n — 1). Thus, both U+ and U- are isomorphic to 

C", 

(9) U+=(J V-=Q t) fj, p(t), q (t)eC[t}/f\ 

Now we will formulate some lemmas, which can be easily checked. 
Lemma 1.1. We have an isomorphism: 

U+ • [v A ] - C"; exp ^^Pie^j ■ [v A ] ^ (po,-.- ,p n -i)- 

We call this set a big cell. (We have also another big cell: U- • [ua] — C n ). 

Denote w = ^ G SL 2 C G- Note that w ■ [v A ] = [ua]- Let U+ and 

be a subgroups of U+ and U~: 

ttW _ A TT w _ ( 1 o 

U + ~ U 1 j ' U " ~ \t l q(t) 1 



Lemma 1.2. (1) U+ ■ [va] = sh A = U- ■ [ua]- 

(2) G-M-u+-MUu a) -M- 

Lemma 1.3. 1. SL 2 • [v A ] ^ P 1 . 

2. There is an Sh2-equivariant bundle tt : G • [va] ~ * SL 2 • [va] with a fiber C" -1 : 

exp ^^Pie^J [va] ^ exp(e p )[vA]; exp f ^ [ua] ^ [ua] 

3. Let Uq and Ut be two charts o/P 1 ~ SL 2 • [va]-' 

U =P 1 \[u A ], C/i=P x \M- 

T/ien 

5r _1 ^o = U+ • [v A ] - {p(t) G C[t]/t n }, ST 1 ^ = U- ■ [u A ] * {<?(*) € C[t]/t n }, 

and too polynomials p(t) and q(t) correspond to the same point of G ■ [va] if 
p(t)q(t) = 1 in C[t]/t n . 

Proof. The last statement follows from the equality in the group G: 
'1 p{t)\ fp(t) \ _ f 1 0\ f l"j 

□ 



o i M-i pity 1 M*) -1 1/ V-i o 



Let ^4 = (ai, . . . , a„), ai < . . . < a n . The natural question is: is it possible to 
extend our bundle to the closure of the orbit G ■ [vaX? The answer is positive if 
a n -t < a>n and negative otherwise. The impossibility of the extension means that 
in the latter case the closures of the fibers in the different points intersect. For the 
proof we need a lemma, which was proved in |FF1| . 
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Lemma 1.4. Let ip be an isomorphism of the algebras: 

(f : C[ei, . . . ,e„_i] -> C[e , . . . ,e n _ 2 ], h-> e,_i. 

Let 1^ be an ideal in C[e 1; . . . , e„_i] smc/i that 

C[ei, . . . ,e„_i] ■ im ~ C[ei, . . . ,e n -i]/I A 

(i.e. 

i( a = {/( e i> ■ ■ -! e n-i) : /(ei, • ■ ■ ,e n -i)v A = 0}). 
T/ien (p(I^) — ..,o n _ 2 ) • ^ other words 

C[ei, . . . , e„_i] • — C[e , . . . , e n _ 2 ] • U( 0l ,...,o„_ 1 )- 

We aZso /lave an isomorphism of C[/o, ■ ■ ■ , /»— 1] modules 

M A /C[ ei , . . . , en_i] ■ « A ~ Mf" 1 -- - 1 ' -- 1 !. 

Theorem 1.1. Let ^4 = (ai,...,a n ) 6 N n , ai < ... < a n _i < a„. TTien ifte 
bundle tt : G ■ K'a] ~~ * P 1 cfm &e extended to the bundle ir : sh A — ► P 1 with a fiber 
s h(ai,...,a„_i) • ari J/ ifP 1 we /iai>e 

TT^ 1 (x) — TT~ 1 (x). 

Proof. Because of the lemma ()1.4JI the closure of it~ 1 ([va\) in sh^ is isomorphic to 
sh( 01) ... )0jl _ 1 ). So, the only thing to be proved is a fact that the closures of the fibers 
of 7r in the different points are isomorphic and do not intersect. 
Note that for any z G C 

7T- 1 (e^p{ze )[v A \) C P(C[ei, . . . ,e„_i] • (exp(ze )v A )). 

Hence, because of the action of the group SL 2 on slr n ^ it is enough to prove that 

(10) C[ei, . . . , e„_i] • (exp(ze )v A ) ^ C[ei, . . . , ^n — ll ' V A 
and 

(11) C[ei, . . . ,e„_i] • (exp(ze )v A )f > \C[e 1 , . . . ,e n _i] • v A = 0. 

The statement (I1U|I is obvious, because the operator exp(zeo) is invertable and 
thus provides an isomorphism between the left and right hand sides. Note that 
both left and right hand sides are isomorphic to JVfC 01 '--' "-- 1 ). 

Let us prove the statement ljll|l . First note that if 

C[ei, . . . ,e„_i] ■ zuPlQei, . . . ,e„_i] ■ (exp(ze )v A ) ^ 

then C[ei, . . . , e n -i] ■ v A and C[e±, . . . , e n -i) ■ (eov A ) also have a nontrivial intersec- 
tion. In fact, let p(e\, . . . , e n —i) be a homogeneous polynomial and 

^ p(ei, e n - 1 )(exp(ze Q )v A ) G C[ei, . . . , 

Then either p(e 1; . . . , e n _i)(eotu) 

is a nontrivial element of C[ei, . . . , e n _i] • v A or 
p(ei,...,e n -i)(e VA) = and p(ei, . . . , e n -i)v A ^ Q. 
Let us show that the last variant is impossible, i.e. that 

C[ei, . . . ,e„_i] ■ v A ~ C[ei, . . .,e„_i] ■ (e iu)- 
Because of the lemma (11.411 we have an isomorphism 

M A /C[ ei , e n _i] • w A ~ M^ 0l ' - "' On_1 '° n_1 ^ 
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with the cyclic vector of the right hand side being the image of e^VA- But in 
j\^(ai,...,a„_i,a„-i) we h ave an isomorphism 

C[ei, . . . , e n _i] • u (ai ,..., an _ 1)0n _i) * j^f(oi.---,a«-i) 

(because a„_i < a n !). Thus in the quotient M /C[ex, . . . , e n _i] • the image of 
C[ei, . . . , e„_i] • (eoWA) is isomorphic to _/\/f ( ai '-"' a "- 1 ) and so to C[ei, . . . , e n _i] ■ u^. 
Now the only thing left is to prove that 

C[ei, . . . ,e„_i] • v A P|C[ei, . . . , e n -i] ■ {e v A ) = 0. 

But that is a consequence of the already used fact that in M A /C[ei, . . . , e n _i] • va 
the image of C[ei, . . . , e n -i] ■ (eoVA) is isomorphic to M^ ai '"' ,an - 1 \ Theorem is 
proved. □ 

Corollary 1.1. Let A — (a±, . . . ,a n ), a-i < &2 < • • • < o>n- Then sh^ is a smooth 
n- dimensional complex manifold. 

Proof. We know that sh^ is fibered over P 1 with a fiber sh( ai 0n _ 1 ), which is 
smooth by the induction. □ 

Corollary 1.2. Let A = {a\ < . . . < a n ),B = (bi < . . . < h n ). Then sh^ is 
isomorphic to sh^. 

Proof. We use the induction on n. sh^ and shs are fibered over P 1 with a fibers, 
which are isomorphic by the induction assumption. Moreover, because of the lemma 
we know that G • [va] — G-[vb], because the transition functions of the bundle 
G ■ [va] — > P 1 do not depend on A. But G • [va] = stu and G ■ [vb] = she. Thus 
we obtain sh^ ~ sh^. □ 

Introduce a notation 

sh (n) =shA, A= (oi < a 2 ,... < a n ). 

Note that sh (1) ~ P 1 . Thus, the bundle sh (n) -> P 1 from the theorem fTTJ) can be 
regarded as a bundle sh^"* 1 — » sh^ 1 -* with a fiber sh*-™" 1 ^. We will prove that there 
are in-between bundles: 

(12) shW _> sk^-i) ->...-> sh& ^ sn W 

with a fibers P 1 ~ sh^. Moreover, any composition of the maps from l|12fl is a 
bundle sh (m+fc) -> sh (m) with a fiber sh (fc) . For the proof we need the following 
proposition: 

Proposition 1.1. Let A = (ai < . . . < a n ), B = (b\ < . . . < b m ), n > m. Denote 

C = (ai, . . . , a n - m , a n - m +i + b\ — 1, a n _ m +2 + 62 — 1, . . . , a n + 6 m — 1). 

Consider M A ' B = U(sl 2 <g> C[i]/f") ■ (v A ® u B ) C M A ® M s . TTien M A < S ~ M c as 
st 2 ® C[t]/i n modules. 



Proof. Recall that in |FF2| we constructed a fermionic realization of M in the 
space i^®( a ™ _1 ) - the tensor power of the space of the semi-infinite forms. Let us 
briefly describe this construction. 

Consider the set of variables ip n , <p m , n,m G Z with a relations: 

[tpn,1pm]+ = [<j>n,4>m]+ = [lpn,<f>m]+ = 
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(here [a, b]+ = ab + ba). Then the following vectors form a base of F: 

■ .-IpN+l^N+llpN^Nlpi! ■ ■■^i k 4'ji ■••<t>ji, N > h> ...> ik,N > ji> ...> jl. 

Note that operators ip n , <p m act on F by multiplication. There are also a collection 
of operators ^>*, acting on F with a commutation relations 

[VCi "0m]+ = & n ,-m, Wk, <t>m]+ = S n ,-m, [</£, CJ+ = 0) bPn> ^m]+ = °- 

The Lie algebra 5I2 acts on F and the action of e;, /j S is given in terms of 
generating functions 

nez nez nez nez 

in the following way: 

e(z) = J2 e n z n = il>{z)cf>{z), f(z) = £ e n z n = i>*(z)<f>*(z). 

rifEZ nSZ 

Note that F is level 1 module. 

Introduce a notation for the extremal vectors: 

V 2 N = ■ ■ ■i>N+24>N+2i>N+l4>N+li>N, V 2 N+1 = ■■■ tpN+2<f>N+2^N+l <j>N+l- 

For 4eN" denote d t = #{j : a 3 = i}. In [FF2] it was proved that 

M A ~ C/(s[ 2 ® C[t]) • («„_ dl (8 w„_ dl -d 2 ® ■ ■ ■ ® ^-^-...-d^-x) C F®^"- 1 '. 

So we have an embedding ? : M A -> F^ ™" 1 ). To prove the proposition it is 
enough to mention that i(va) ® «(ub) = *(«c)- D 

Corollary 1.3. For any n > k > 1 i/iere exisis a bundle n ni k ■ sir 1 - sh« with 
a fiber sh (n " fc) . 

Proof. We use the induction on n. Let sh*-™-* be realized as sh(2.3,..., n +i) ■ From the 
previous lemma we obtain an embedding for any k < n: 

sh ( ' sh ( ' x sh^ 3) ___ )n+1 _ fcin+1 _ fc| ___ jTi+1 _ Jfe j. 

Thus, we obtain a map 7r ni fc : sh(") - sh« as a composition of the embedding and 
projection on the first factor. Note that the following diagram is commutative: 

sh (n) sh (k) 
sh« sh« 

Fix an arbitrary point x £ sh«. From the commutative diagram one can see that 
is isomorphic to the preimage of the point via the map of the fibers of 7T n) i 

and TTk,i, i-e. the map between sh^™ -1 ' and sir* -1 '. But this map is 7r n _ifc_i. 
By the induction, we know that the fiber of this bundle is sh^™ - ^. Corollary is 
proved. □ 
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1.2. Identification of sh 1 "' with the generalized flag manifold. 

Let V = C 2 ® (C [*]/*") with a natural action of the Lie algebra sl 2 ® (C[t]/t n ), 
the Lie group G = SL2(C[i]/i") and the operator £, acting by the multiplication. 
Fix a basis i>+,u_ of C 2 with /ioi>+ = — v+, IiqV- = v-. Define F„ as a variety of 
the following sequences of the subspaces of Vb: 

Vl V 2 . . . V n 

with a properties 

tVi^V i+1 and dim(Vi/V i+1 ) = 1, i = 0,...,»-l. 

Note that the group SL2(C[i]/t n ) acts on F„. Define the points [P] and [Q] in F„ 
as follows: 

[P] = Vi <-->... V n , Vi = (v+ <g> i fe , u_ ® f', < fc < n - 1, i < I < n - 1); 

[Q] = Z7i . . . ^ ?7n, t/i = (t>+ ® i fe ,V- ® i < k < n - 1, < / < n - 1). 

Note that Fi ~ P 1 . The following lemmas contain the list of the statements, which 
can be checked directly. 

Lemma 1.5. (1) F„ is fibered over Fi ~ P 1 with a fiber F n _i. 

(2) For any n > k there exists a bundle F„ — * F^ with a fiber F„_fe. 

In the following lemma w is a Weyl element from SL 2 <—* SL 2 (C[£]/i n ) = G and 
U+ and U- are the subgroups of G, defined in ©. 

Lemma 1.6. (1) w[P] = [Q]. 

(2) U+-[P]^C"~U--[Q]. 

(3) G-[P]=U+-[P]UU--[Q]. 

(4) The orbit G • [P] is fibered over P 1 with a fiber C" _1 . 

(5) U+ • [P] = F„ = u- • [Q]- 

Theorem 1.2. There is a G-isomorphism F„ — > sir sending [P] to [va] (we fix 
some realization of shy 1 ' as sh^J. 

Proof. Because of the lemmas (|1.5H , (|1.6|) F„ is determined by the transition func- 
tions of the bundle F„ -> P 1 . The latter are determined by the transition functions 
of G • [P] — > P 1 ■ By the same arguments as in the lemma (|1.3f) we obtain that these 
functions coincide with the ones for sh^. The theorem is proved. □ 

1.3. Vector fields on sh (n) . 

In this subsection we calculate the Lie algebra Vect(sh'- n ' ) ) of the vector fields on 

Bh< n >. 

It is clear that there is an embedding sl 2 ® (C[t]/t n ) ^ Vect(sh (n) ). Note also 
that there are operators Li, i = 0, 1 . . . , n — 2, acting on M A . Recall that in |FF2| 
for any A we have constructed an integrable module with M A as an C[t] 
submodule. Moreover, for the operators Li from the Virasoro algebra, acting on 
any integrable affine algebra module, we have 

LiV A = 0, i > 0; [Li, ej] = -je l+r 

Thus, the subalgebra of the Virasoro algebra, spanned by Li, i > is acting on M A 
(for the convenience, we put Lqva = 0; note also that L>„-2 acts on M A by 0). In 
the following lemma we prove that the exponents of the operators Li,0 < i < n — 2 
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define a vector fields on shy 1 ' and write an explicit formulas for the corresponding 
vector fields on the big cell. 

Remark 1.1. Note that using the identification of siS 71 ' with the generalized flag 
manifold one obtains a natural action of the vector fields Li on si/™-* . 

Lemma 1.7. 1). Let [x] 6 sh*-™- 1 . Then the vector 

^ \ e = € T [x] F{M ) 

is an element of Xuislr \ The corresponding vector fields on a big cell 



/n-l 



exp ^2 e i x % > x % e 



are given by the formula 

n—i—l 

(13) L l= J ■■■.!<>>' • • 0<i<n-2. 

3 = 1 

2). The restriction of the vector fields from SI2 <%> (C[t]/t n ) on a big cell is given by 
the formulas (i = 0, . . . , n — 1): 

(14) ei = d Xi ; 

n — i—l 

(15) K = -2 ^2 x jdx l+j ; 

3=0 

n-l-i I \ 

(16) /* = - X] XaXb I ® x *+r 

j=0 \a+b=j J 

Proof. In order to prove that the operators Li define a vector fields on si/™' 1 it is 
enough to show that the latter is true on a big cell. Consider an operator Li acting 
on the space with a basis ej by the formula Li(e.j) = —jei + j. Then we obtain 

(n— 1 \ In— 1 

^ ejXj exp(-Lje) = exp(Lje) ^ e x 

3=0 J \j=o 

and thus 

/„-! \ / /„_! 

(18) exp(Lie) exp ^2 e j x j ^p(-Lie) — exp I exp(Lig) ^2 e j x j 

V=° / V v=° 

The right hand side of l|17|) is a series in ey. Its exponent, which is the right hand 
side of iJTSJl, is a series in ej too. Now apply both right and left hand sides of i|18|) 
to the point [va\- This gives us that the operators Li really define a vector fields 
on the big cell (the only thing to use is LiVA — 0). Note also that (|13fl is a trivial 
consequence of (|18|) . Thus, the first part of our lemma is proved. 

The only thing to prove in the second part, is the representation of fi as a vector 
field. Let x(z) = x + zx\ + . . . + z n ~ 1 x n -i,y(z) = y + zyi + . . . + z n ~ x y n -i be 
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such elements of C[z]/z n that x(z)y(z) = 1. Recall, (see lemma JO)) that we have 
the following equality: 





exp ( y ^ axi J [va] = exp 

Hence we obtain 

(19) exp(/i£) exp I N ] e k x k I [va] = exp(/je) exp I N " f k y k I [u^] 




^ /fe2/fc + fi{Vi + e) I [«a] = exp 




Here for x'(z) = Y]^_ x' k z k we have 

X (Zj = : . ■ i ■ 

w ez l + x(z)- 1 

This gives (|lfif) . To obtain 1)15(1 one must commute the expressions for a and fj. 
Lemma is proved. □ 

Now our goal is to prove that (e^, hi, Zj, /,) = Vect(sh^™- ) ). To do that, it is 
enough to show that dim Vect(sh ( - n - ) ) = 4n — 1 (the linear independence is a trivial 
consequence from ()13fl. ijTH) . i|T5|) . and itPo|) '). 

Let T n be a tangent bundle on sh*-"-*. Recall that there is a bundle 7r n) i : sh^ n ' — > 
P 1 with a fiber sh (n_1) . Thus we obtain a surjection Vect(sh (n) ) -» Vcct(P 1 ) ~ sk- 
its kernel consists of the vector fields on sir which are tangent to the fibers of 7r„.i. 
Denote by T' n the bundle on sh/ n ) , whose fiber at the point a; is a tangent space to the 
fiber ^\{% n ^x). We need to prove that dim H°(T^) — 4n — 4. In order to do that, 
consider a bundle £„ on P 1 , whose fiber at the point z is the space of vector fields 
on 7T~j(z) (thus, £„ = (tt„,i)*T^). It is obvious that dimH ^) = dim#°(£„). 
To prove that the latter equals to 4n — 4 we will compute the transition functions 
of £„. The idea is to use the induction on n, i.e. the knowledge of the Lie algebra 
of the vector fields on a fiber of ir n ^. As a result we will prove that: 

£„ = 0(2) 8 0(1)® ( ™- 1) © O(0) e(2 ™- 5) © 0(-l) e( "- 1) © 0(-2), n > 2, 
£ 2 = O(2)ffiO(0)ffiO(-2). 

Recall that we have two big cells in sir ' : 

U x = exp V x^i [va] ^ C" ~ exp I V ) = U y 





Let e^-j, / Xi j, /i x ,i, L Xi i be the vector fields on U x , which are the restrictions of the 
vector fields ej, fi,hi, Li correspondingly. Denote also by e Vi i, f y ,i,h yi i, L y< i the 
vector fields on U y , which are the restrictions of the vector fields fy, a, —hi, Li 
correspondingly (this notations are convenient for us, because of the simplification 
of some formulas) . Surely, on U x n U y we have 

(20) &x,i — fy,i7 fx,i — ^y-ii h x i — h y i, L x i Ly {. 
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We can write an explicit formulas for the above vector fields on U y : 

n — i — l 

(21) e V; i — d Vi , h Vi i = —2 ^ ] Uj^vi+j^ 

3=0 

n—i—l / \ n— 1 — i 

(22) fy,i = - yaVb\d Vi+v Ly ti = Y jyfiyi+r 

3=0 \a+b=j J 3=1 

Suppose that we have already proved that e^, hi, /j(0 < i < n — 1) and Li(0 < 
i < n — 2) form a base of Vect(sh ( -™~ 1 - ) ). Then we can trivialize the bundle £„ on 
Tr n ,iU x , choosing the following base of the vector fields, tangent to the fibers of n n> i: 

n—i 

(23) et=^,; h'* = -2^^^; 

3=1 

fi=-^2\ %aXf} J 9 Xi+J _ 1 , i = l,...,n- 1; 

3=1 \a+/3=3+l; a,/3>l / 
n — i—l 

i'f = ././• , • i 'A. . • i = l,...,n-2. 

3=1 

We also trivialize £„ on ir n ,iU y , fixing the analogous basis: 

n — i 

(24) e'f=%,; h'\ ^nA. 

3=1 

/'i =_ X) H I i = l,..-,n-l; 

3=1 \a+/3=] + l- a,0>l J 
n—i — l 

L'f = Y JVj+idvi+j , i = 2, • • • , n - 1. 

3=1 

To obtain the transition functions of £ n one must rewrite the vector fields 1(2311 on 
U x n U y via the vector fields from (ffifjl • 

Lemma 1.8. We have the following equalities of the vector fields on U x : 
&x,i — 6 j , h x i = h — 2xoe ^ , 

-kx : i = L i+l — « i /A Jic,i = / i+2 + x 0' 1 i+1 ~ X Q e j . 

The analogous formulas are true on U y : 

e - e' y h - h' v - 2n n e' y 

L y ,i = L' i+1 — h' v /2, fy ti = /'j +2 + yoh' v +1 — y\e'\. 
Proof. It is a consequence from the lemma (11.7(1 and the definitions 1(23(1 . 1(24(1 . □ 
Lemma 1.9. FFe have the following equalities (note that y^ 1 — xq): 

(25) e't = yle' y + y h' y i+1 + f\ +2 , h!* = h'\ + 2y^f'l 1 , 

j i x _ j iv , -i f/v t i x _ -2 r/y 

i i Uo J i+l' J i - Vo J i- 
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Proof. Using the formulas from the lemma (|1.8|l we can rewrite our fields, written 
in the Xj-coordinates via the ^-coordinates: 

(26) e't = e x ^ = /„,, = f y i+2 + y h' y +1 - y 2 e' y ; 

h'i = hxd-\ + 2xoe X: i_i = —hyj-i + 2y f Vt i-i = 

= -h't + 2y e'U + 2% Vf+i + y Q h' y - y 2 e> y _i) = h' y + 2y^f'? +1 ; 

L' X i = L x ,i-l + h'U/2 = Ly,^ + h'U/2 + y„ V'i = 

= L'\ h'U/2 + h'U/2 + y \n = L» + Po - Vf 5 

f'i = fx,i-2 ~ x oh x ,i-2 ~ x e x,i-2 = e y,i-2 + Vq X h y i _2 ~ Vq 2 fy,i~2 = 

= e'U + y^(h'U - lyoe'U) - tftfl + Voh'U ~ yVU) = -y^f'l 
This gives us the formulas J23- □ 

Now we are ready to prove the main theorem. 
Theorem 1.3. 

£„ = 0(2) © 0(l) ffi( "- 1) © O(0) e(2 ™- 5) © 0(-l) e( "- 1) © 0(-2), n > 2, 
£ 2 = 0(2) © 0(0) © 0(-2). 

Proof. Let n > 2. The transition matrix of £ ra has the following form: 



e j . 


■ e n-3 


e n-2 


e n-1 


h'l 


h'% . 


h' x 


h' x 

n n-1 


L'l . 


r 

■ n n-2 


f/X 

J 1 


ft x 

J 2 


f/X 

J 3 • 


rix 
■ J n-1 


-vl- 


. 











. 


. 





. 


. 








. 


. 


. 


• ~«g 











. 


. 





. 


. 








. 


. 


. 


. 


-vl 








. 


. 





. 


. 








. 


. 


. 


. 





-vl 





. 


. 





. 


. 








. 


. 


. 


. 








1 


. 


. 





. 


. 








. 


. 


yo ■ 


. 











1 . 


. 





. 


. 








. 


. 


o . 


• yo 











. 


1 





. 


. 








. 


. 


o . 


. 


Vo 








. 


. 


1 


. 


. 








. 


. 


o . 


. 











. 


. 





1 . 


. 








. 


. 


. 


. 











. 


. 





. 


. 1 








. 


. 


. 


. 











. 


. 





. 


. 


-1 





. 


. 






















US 








. 


. 








-2 


. 


. 





J_ 


. 





. 


. 










vo 








ya 












1 . 


. 











-2 


. 





J_ 


. 








-1 


. 












vo 






ya 








if • 




. 


. 1 











. 


-2 





. 


J_ 








. 


-1 














yo 






yo 











e n-3 

p ty 

e n-2 

e'l-i 

h'l 



h'l-2 
L'l 



L'l- 

n 
fin 

1 2 

fiy 

J 3 



fiy 

J n-1 



Now to identify the bundle £„ for n > 2 one must diagonalize this matrix using 
two following operations: 

(1) To add to some column another one, multiplied by the polynomial in the 
variable y^ . 

(2) To add to some row another one, multiplied by the polynomial in the vari- 
able y . 
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Recall that yo and — Vq 1 are the coordinates on the two charts of P 1 : Tr n ,iU y and 
Tr n ,iU x respectively. Thus the first operation is a change of the basis in Vect(U x ) 
and the second one is the change of the basis in Vect(U y ). It is easy to show that 
using the above operations one can obtain the diagonal matrix: 

diag(yo , yo,---,Vo y , 1, • • • , L Vg 1 , ■ ■ ■ ,2/p \ Vo 2 ) ■ 

n—1 In— 5 n— 1 

This gives us our lemma in the case n > 2. The case n — 2 can be considered in 
the same way. □ 

Corollary 1.4. dimi?°(T^) = An - 4. 

Theorem 1.4. The Lie algebra Vect(sh*-™- ) ) has a following basis: e.%,hi,fi, i = 
0, . . . , n — 1 and L^,i = 0, . . . , n — 2. 

Proof. As we have already mentioned, the only thing to prove is dimVect(sh (n) ) = 
4n - 1. But dim Vect(sh (n) ) = dim H° (T^) + dimVect(P 1 ) =4n-4 + 3 = 4n-l. 
Theorem is proved. □ 

2. Back to the fusion. 

For the successive study of the Schubert varieties we need some additional infor- 
mation about the structure of the fusion products. Namely, we need to study the 
special submodules, mentioned in |FF2| . 



2.1. Preliminaries. Recall that M A , A = (ai, . . . , a n ) € N™, is s( 2 ® C[t] module 
and dimM A = n"=i ai - Moreover, M A is cyclic e <g> C[t] module with a cyclic 
vector va and defining relations 

(27) e(n)(z )^ z E? =1 (*+i-«,) +i i = l, 2 ,... 

( e (n)( z ) — Y^i=o e i z "~ 1_l ; a + — max(a, 0)) (see |FF1| V The latter means that 
M A ~ C[e , . . . , e n -i]/lA and the ideal I a is generated by the elements 

n 

(28) ^ e n _i-, 1 e n _i- li ...e n _i_, t , k > 1, s < y^(fc + 1 - dj) + . 

i 1 + ...+i k =s j=l 

Let ai < ... < a n . In |FF2| we constructed the following exact sequence of 
sl% ® C[t] modules: 

q > ^(a2—ai+l,a3,...,a n ) ^ j^f-^ > ^"(oi— l,a2+l,03,— ,«n) > Q 

(note that M^ 1 ' 02 ''"' ") ~ jlf(aai---> a >»)). One can generalize this construction in the 
following way. For any i, j with 1 < i < j < n define 

= {0>1> ■ ■ ■ ) Oj-l, Oi ^ 1, Ot+lj ■ • • ) a j-li a j + 1; a j + li ■ ■ ■ 7 a n)- 

Lemma 2.1. For anj/ 1 < i < j • < n there exists an ® C[<] module Sij(A) 
M A ; loitfc a property M A /S itj (A) ~ M 1 ". 

Proof. Note that the condition (|27|l for the set A is weaker, than for the set Aij. 
Hence, there is a surjection ai.j(A) : M A -» M Ai - j . We define Sij(A) as its kernel. 
Note that a^j{A) is st2<8>C[i] homomorphism. In fact, it is obviously C[eo, • ■ ■ , e n -i] 
homomorphism. In addition, 

fiVA = fiVA itj = 0, h >a v A = h >0 v AiJ = 
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and the operator ho multiplies the vectors va and VA t ,• by the same constant. Thus, 
Sij(A) is really the sl 2 <8> C[t] module. □ 

Remark 2.1. It was shown in FF2] that 

(1) S h2 (A) ~ M( a2 - ai+1 ' 03 '-' »). 

(2) I/a* = a i+ i, then S hl+1 {A) ~ M^-- <h-i><h+=>-- 

The rest of the section is devoted to the study of the modules Si t i+\(A). 

2.2. First description of We construct a filtration on S , j i+1 (A) with 

the quotients being the fusion products. Introduce a notation 

Ai = (oi, . . . , ai_2,ai-i — Oi + a«+i, ai+2, ■ ■ ■ , a n ),« > 1. 
Lemma 2.2. We have an embedding M Ai <-^> Si y i+\(A). 

Proof. Denote di = #{a : a a = i}, i = 1, . . . , a„. Let [e( n ){z) l \j be a coefficient in 
er n ){z) 1 by the term z J . It was proved in |FF2| that the 5(2 <8> (C[i]/f ra_2 ) submodule 
in M A generated from the vector 

(29) \e n (zr-\^_ j)dj V A 

is isomorphic to M Ai . One can show that the vector (|29|l is the element of the 
kernel of surjection M A -» M Ai - i+1 . Thus M M Si, i+ i(A). □ 

Introduce a notation: iVyi(fe) = ^™ =1 (fe+l — a j)+- In this notations the defining 
relations of M A read as 

(30) e {n) {z) k - z N ^ k \ k — 1,2, ... . 

We want to compare these relations in the case of M A and M Ai - i+1 . 

Lemma 2.3. There are two cases: 

(1) a t - 1 < k < a l+1 - 1. Then N A (k) = N Ai>i+1 (k) - 1. 

(2) fc < ^ - 1 or fc > Oi+i - 1- T/ien ^(Jfe) = N AiA+1 (k). 

Recall that Si t i+\ (A) is the kernel of the map M A -» M A *-*+\ Hence, be- 
cause of the formula l|3U|) . we obtain that Sa + x(A) is generated by the action of 
C[e , . . . , e„_i] from aj+i — a, + 1 vectors, namely from 

(31) Wj = [e( n )(z) j ]N A (j)VA, j = a% - 1, . . . , o i+ i - 1. 
For example, C[e , . . . , e n _i] • to 0< -i — ^ Sm+i(-^)- 

Lemma 2.4. Let 1 < i < j < n. Then S i:j {A) = S i>i+ i{A) + . . . + Sj-ij(A) (the 
non-direct sum). 

Proof. It follows from the formula (|31|l . □ 
Proposition 2.1. Let ai ^ ai+i,i / 1, <x-j— 1 > 1. Then 

(32) S M+1 (A)/Af A ' ~ 

— Si,i+l\ a li • • ■ 1 a i-2> — 1; a i + 1) ■ ■ ■ 1 a n) = 

1!) 



Proof. First, one can show that the dimensions of the both sides coincide. In fact, 
by the definition 

(33) dim5i, i+ i(A) = dimM A -dimM A '< l+1 = J] aj \ x (a i+1 - a t + 1), 

(34) dimSi, i+ i(Ai-i,i) = dimM" 4 - 1 -* - diniM" 4 - 1 -^ 1 = 

Yl aj\ X (ai_i - l)(a i+ i - a,). 

It is easy to check that the difference between (13311 and (|34f) equals to dim M Ai . 
Consider the following mappings: 

M A * i S iti+1 (A) ^ M A a >-M A) M^-m ± S^+Mi-u)- 
We will prove that 

(ai-i,i{A) o g )(S hl+1 (A)) c /(5t, i+ i(^_i,i)) 

and ker(ai_i,i(A) o <?) = h(M Ai ). That will be enough for the proof of the propo- 
sition, because of the equality of the dimensions of the right and left hand sides of 
(E2J. 

We have the following commutative diagram: 

M A QM+1 '- 4) , M A ^ 



Note that 

Si,i+i(A) = kera M+ i(A) and S^+i^-i^) = ker c^+i^-i^). 

Hence, (oi_ M (i4) o g)(S i;i+ i(A)) c /(5 M+1 (A-i,,))- 

Now, let us prove that ker ai-i } i(A) o g = h(M Ai ). Note that ker Oi-i^A) = 
Si-ij(A). Thus it is enough to show that 

M A * = S i - 1 , i (A)nS i , i+1 (A). 

We have an inclusion M Ai c — > 5i_i,i(A) (~l (In fact, according to the 

formula (|3*T)l . the cyclic vector of M Ai belongs both to S l -\ A (A) and Sj^+i^A)). 
In addition, dimM Ai = dmx{Si-\^{A) C\Si,i+\(A)). To prove the latter, recall that 
Si-x,i(A) + Si, i+ i(A) = Si-i,i+i(A) (see lemma (E3J)). Thus 

dim (S , . i _i i4 (A) n S iii+1 (A)) = dim5i- M (A) + dim% + i(^)-dimSi_ M+ i(7l) = 
Yl a>j I X [(o» - Oi-i + l)aj+i + ai_i(o»+i - a, + 1) — 

- (ai+i - a»_i + l)ai] = I ] [ J x (o»+i - a* + Oi-i) = dimM Ai . 

Proposition is proved. □ 
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Proposition (|2.1|) and remark (SJ allows us to construct our nitration. In 

fact, we have a submodule M Ai in Si^+i(A) and the quotient is isomorphic to 
Si.i+i{Ai-\ t i). But this module also contains a corresponding fusion as a submod- 
ule. So we can apply our lemma one more time and so on. To formulate the condi- 
tion of the finishing of our procedure, denote by s the map N™ — > N n : s(A) = 
Let s(A)j,j = 1, ... ,n be the elements of s(A) with s(A)j < s(A)j + i. Our proce- 
dure will stop at the fc-th step, if one of the below conditions hold: 

(1) s k (A)j = 1 for j = 1, ... ,i — 1. Then according to the first part of the 
remark (E3J S,, l+1 (s k (A)) is some fusion product. 

(2) s k (A)i — s k (A) i+ i. Then according to the second part of the remark (|2.1|) 
Si 7 i + i(s k (A)) is also some fusion product. 

Let us give an example. 

Example. A = (4, 5, 6, 9), i = 3. We have: 

M( 4 > 5 < 6 > 9 VS 3 ,4(4, 5, 6, 9) ~ Af( 4 - 5 > 5 < 10 ); 

Af ( 4 < 8 ) ^ s 3A (A, 5, 6, 9), 53,4(4, 5, 6, 9)/Af( 4 < 8 ) ~ S 3)4 (4, 4, 7, 9); 

M ( 4 ' 6 ) — S 3 , 4 (4, 4, 7, 9), 53,4(4, 4, 7, 9)/Af( 4 < 6 ) ~ 5 3)4 (3, 4, 8, 9); 
M 0,5) ^ S3 4(3) 4) 8j 9)) 5a 4 ( 3; 4; 8j 9 )/ M (3,5) „ 5m(3) 3j 9) 9); 

S M (3,3,9,9)~Af( 3 ' 3 >. 
Thus, we have a filtration of Af ( 4 ' 5,6,9 * ) with the following quotients: 

M (4,8) j M (4,6) )M (3,5) )M (3,3) and M (4,5,5,1Q). 

2.3. Second description. For the second description we need an extra knowledge 
about the structure of the vectors Wj from (|31() . We will use a fermionic realization 
of the fusion product from |FF2| . 

Let F be the space of the semi-infinite forms (see |FF2| or the first section of this 
paper). F carries a structure of the 5I2 module of the level 1. There exists a set of 
extremal vectors v(i) 6 F,i £ Z, such that ek-\v{k) = v(k — 2) and e > k^\v(k) = 0. 
Note also that U(s\z) • v(0) ~ Lq^i and [/(s^) • v(l) ~ L\ t \ (here Lo,i and L\ t \ are 
two level 1 irreducible b\i modules). 

In |FF2| it was shown that we can embed the space M A into the tensor power 
_p>®(o„-i)_ be the number of such k that = i. Suppose that d\ — (recall 

that Af( 1 '° 2 '-' a "- ) ~ M< Q2 '---' a ")). Denote 

va = v(n) ® u(n — c^) <8> u(n — c?2 — ^3) <8> ■ ■ • <£> w(ft — c?2 — • ■ ■ — da n -i)- 

Then C[eo, ■ ■ ■ , e n -i] • va — M A . Another important fact is the following equality: 
if di 7^ di-\-i then 

(35) [e( n )(z)"' _1 ] W A(»,-i)^ is proportional to 

(e„_i (g) e n _ d2 _i (g) . . . (g> e n _ d2 -...-d ai _i-i ® Id <g> . . . <g> Id)?u = 
= v(n — 2) (8) u(n - d 2 — 2) <8> . . . ® u(n - d 2 - . . . - d ai -i ~ 2)® 

® v(n - d 2 — • . . — d ai ) <g> . . . ® w(n - cfe - . . . - <4 n -i)- 
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We generalize the formula (|35[1 in the following way: let k be such number that 
a-i — 1 < k < ai + i — 1. Note that 



v A = [v(n) <g> v(n - d 2 ) ® • • • ® u(n — da — • • • — d Qi -i)] 



® 



® 



f(71-rf 2 -...-rf ai ) C3 ( ai + 1 ~ a ^ 

® [u(n - d 2 - . . . - rf aj+1 ) ® . . . ® u(n - d 2 - ... - d 0n -i)] . 

Let 

(36) wi = v(n) ® u(n - d 2 ) ® • ■ ■ <S> w( n — d 2 — . . . — d 0i _i); 

V2 =«(n-d 2 -...-rf 0< )^+ 1 -°*; 
w 3 = u(n - d 2 - . . . - rf a ,+i) ® . . . ® u(ra — d 2 - • • • - <4„-i)- 
Lemma 2.5. Introduce a notation 

(37) ui = (e„_i ® e„_d 2 -i ® • • ■ ® e„- £ ; 2 -...-d a ._ 1 -i)wi, 

(38) ^(*) = (^^..-^-iK 

where e^"^^ 1 _ d _ x is a power of the operator e n -d 2 -...-d a .-i, which acts on 
the space i^®(°>+i _a *) as on the tensor power of the Lie algebra module. Then 
[e( n )(z) k ]^ A ^VA is proportional to the vector 

(39) u\ <g> u 2 (fc) ® w 3 . 



Proof. One can prove this lemma in the same way, as it was done in |FF2| in the 
case fc = <ij — 1. □ 

Now we can describe the structure of the module Si^ + i(A). Recall that 
(40) Si t i+i(A) = C[e , ■ • ■ ,e n _i] • (tu 04 -i, ■ ■ ■ ,w ai+1 -i) 

and = [e(n)( z ) J ]NA(j) v A- From the above lemma we obtain 

Wj = const • v(n — 2) ® . . . ® u(n — d 2 — ... — d ai _i — 2)<g) 
0[(e ra - d2 -„.- do .-i8) Id8 ... ®Id +.. -+ Id® . . ® Id (g)e»_ d2 _..._ dai: _i) 3 ~ a ' +1 t; 2 ](g) 

® «3- 

Hence we can rewrite the formula (|40() in the following way: 
Proposition 2.2. Denote 

A 1 = (<zi, . . . ,ai-i,ai, . . . ,ai); A" = (oj+i — cn + 1, aj +2 -aj + l, . . . ,o„ — o»+l). 

V v ' 

n — i — 1 

T/ien 5'i j i+i(A) M A (g) M" 4 and the image of Sij+i (A) is generated from the 

(2) (21 

vector va' ® va<< by the action o/C[eo, . . . , e n _3, e„_ i _ 1 ], where the operator e n _ i _ 1 
acts on M A ' ® M A " as Id ® e n _<_i. 

Proof. Note that for iti,u 2 (fc) defined by (|37|l . (1381) and i?3 from the formula l|36() 

we have u\ <E M* 4 and u 2 (fe) 81)3 6 M" 4 . Moreover, u? a( _i = v\ and lOj = 

(e„_ i _ 1 )- 7_ai+1 W 0i -i. Thus S'i ! i+i(A) is a submodule of the module, described in 
the proposition. To prove that we have an equality, it is enough to mention that 

(e£> i _ 1 )°*+ 1 -* +1 =0. □ 
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Remark 2.2. Note that e>„_i_i vanishes on M A . Thus Si.i+i(A) is a cyclic 
submodule of M A ® M A with respect to the algebra, generated by the operators 

(1) (2) (1) (2) (1) (2) (1) (1) 

c T c ' • • • ' c n-i-2 ' c ri-i-2' c n-i-l' c n-i' ' • ■ ' c n-3 

(here ef> = e 3 ® Id, ef ] = Id ® &j J. 

Remark 2.3. TVoie t/iat m t/ie case i = n — 1 we have 

(41) S„_i )tl (A) ~ M (oi '-' a "- 2) ® c a "~ Q — 1+1 . 

In /act, proposition \2.2\ gives us an embedding of the left hand side of OTJ into 

(2) 

t/ie right hand side. But we have an operator e acting OTl Sfi—X n (A). Thus 
S n -i, n ( A ) ^ C[e^2 3 , . . .,e^',e^} ■ (u( ai ,...,o„_ 2 ) ® u an _ 0n _ 1+ i) = 

M (o 1 ,...,a„- 2 ) 0C a„-a„_ 1 + l^ 

Thus we have an embedding of Si t i+i(A) into the tensor product M A ® M A . 
Recall that A' contains a lot of coinciding elements. By some reasons, discussed 
in the previous section, in this work we concentrate on those sets, which have no 
coinciding elements. Thus we will construct another embedding of S^+ifA), which 
looks somehow strange, but its usefulness will be explained in the sequel section. 

Proposition 2.3. Let A = (a± < . . . < a n ). Suppose that for any j > i we have 
dj+i — dj > 1. Introduce a notation: 

A\ = (oi, . . ., Oi-i, a t + l,a, +2, . . . ,aj +n — i — 1); 
A2 = [a%+i - a,i + 1, a l+2 - ai. a i+3 — a, — 1, . . . , a n — a, — n + i + 2). 

(Note that the elements of A\ and A- 2 increase). Then we have an embedding 
Sis+i{A) <^-» M Al ® M A2 and Si t i+i{A) is generated from va ± ® v a 2 by the action 

(2) 

of the algebra C[e , . . . , e„_ 3 , e„i i _ 1 J. 
Proof. In our case 

«i = v(n)^ ai -^ ® «(n - l)®^"^) ® .. . ® «(n - 1 + l)®( a '-°«-0 ; 
ui = «(n - 2)®( ai " 1 ) (g) «(n - 3)® ia2 ~ ai) <8> . . . ® u(n - i - l)®( Q *-°«-0 ; 
w 2 = w(n-i)® (0i+1 - Oi) ; 
u 3 = «(n - t - 8 . . . (g, D ( 1 )®(o„-o»-0 < 

We can rearrange the factors in the tensor product wi®?^®^ to obtain the product 
w'l ® ^2 ® , where 

u[ = v{n - 2)®( fl1 - 1 ) ® . . . ® u(n - i - 

® f (n — i — 1) ® u(n — i — 2) ® . . . ® 
W 3 = w(7i-i-l)® (a '+ 2 ^ Q '+ 1 - 1) ®u(n-i-2)® (ai + 3 ^ Q *+ 2 ~ 1) . . .®w(l)®( a "- a — 1 - 1 ). 
Note that 

M Al ~ C[eo, ■ • • , e„_ 3 ] • «i, = C[e , . . . , e„_,_i] • (u 2 ® u£). 

To finish the proof of the proposition it is enough, to recall that Sij+i(A) is gen- 
erated from the vectors Wj and = u[ ® (e^~"!_"i 1?; 2) ® w 3 . □ 
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We finish this subsection with the discussion of the Lie algebra, acting on 
Sij+i(A). Let £j in = SI2 <E> Bi^ n , < i < n, where Bi >n is a commutative graded 
associative algebra with a generators t of degree 1 and u of degree n — i and relations 
t n = 0,u 2 = 0,iw = 0. For i = let £ 0i „ = sl 2 ® (C[i]/i" +1 ). From the propositions 
1)2.2(1 . I|2.3|) we obtain the following lemma: 

Lemma 2.6. St^+^A) is cyclic £j_i jn _2 module with a cyclic vector being the 
tensor product v a'® v A" (see proposition \2,2)) ) or va x ®va 2 (see proposition ^2.3}) ). 
We denote this cyclic vector by Vi^ + \{A). 

For example, for i = 1 we obtain that Si^(A) is sl 2 <S> (C[t]/i™ _1 ) module. But 
as it was mentioned above, Si <2 (A) ~ M( n2_ai+1 ' a3 '-' a "). 

Note that 5 n _i,„(A), being a tensor product Af(oi.-.«»-a) ® c a "" Q "- 1+1 , is a 
cyclic (8 (C[i]/t™~ 2 ) module, but its cyclic vector is not the tensor product of 
the lowest weight vectors of M^ 01 ' - ' ™- 2 ' and C an_a ™- 1+1 . To be specific, one can 
put this cyclic vector I to be ur ai! ..., a „_ 2 ) ® w an _ a7l _ 1 +i (recall that ua is a highest 
vector in M A with respect to the ho grading). 

Lemma 2.7. I = e ° 1+ - +a - 1 "™i; A . 

Proof. This follows from the fermionic realization of M A . Note also that e±l = 0. 

□ 

2.4. Third description: induction. In this section we obtain the analogue of 
the lemma <|1.4ll for the modules Si t i+±(A). In what follows we consider the module 
j^(ai,...,a„_i) ag a submodule of M A via the isomorphism 

M^'-^-^~C[e 1 ,...,e n - 1 ]-v A . 
Lemma 2.8. Let i^n — 1. Then we have (see lemma \2.ul ): 

Vi,i+i{A) = v iti+ i(ai, . . . , On-i). 

It means that 

Si,i+i(ai, a„-i) ~ C[e ® t, . . . , e ® i™~ 3 , e <8> u) ■ 



«■/?■ 



SWiO^) = C[e ] • 5i, i+ i(ai, . . . ,a„_i). 



Proof. This is an immediate consequence from the construction of the embedding 
from the proposition l|2.2|) . □ 

Now let i — n — 1. Consider the operator ei acting on Af' 4 . Note that 
e" 1+ ' " +a "~ 1 " +1 = 0. Let I = e ^!+— + a «-i From one hand, Z is a high- 

est weight vector from M^ ai ''"' a " % - 1 \ From the other hand, I is a cyclic vector in 
S n -i :Tl (A) with respect to the algebra C[eo, ■ ■ ■ , e„_3] (see lemma <|2.7p). Thus we 
obtain the following lemma: 

Lemma 2.9. There is a vector I , 

I G 5„_i,„(A) ~ m (oi, -'°"- 2) ® C a "- a — 1+1 ^ M A 
such that I is a cyclic vector of S n -x tn (A) with respect to the algebra C[eo, • ■ ■ , Cn-s] 
and I — U(oi,...,o n -i)' I n particular it means that 

5 n _i,„(A) = C[e ] • (C[/ , . . . , U-2] ■ W(oi,...,o„_i))- 
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3. Algebro-geometric properties of the Schubert varieties. 

The main point of this section is the study of the line bundles on sir" 1 ' . We start 
with the description of sh*-™^ as a projective algebraic variety. 

3.1. sh^™* 1 as an algebraic variety. Recall (see |FF1| ) that the dual space to the 
module M A , A = (a± < . . . < a n ) can be realized as the space of the symmetric 
polynomials f{z\, . . . , z s ), s > with the following conditions: deg 2 . / < n and 

fi^^z, z i+1 , ...,z.) + z E - l(,+1 -" j)+ , i = 1,2,..., 

i 

where a + = max(a, 0) and for the polynomials p and q p -j- q means that q divides 
p. (Note that (M A )* is naturally graded by the action of h and thus (M A )* = 
s (M A )*(s). Then (M A )*(s) is realized in the space of the polynomials in s 
variables with the above condition). 

Lemma 3.1. Let A = (a% < . . . < a n ) e N n , B = (b\ < ... < b n ) G N n and 

C = (ai + b\ — 1, . . . , a n + b n — 1). Then the following is true: 

1) . There is an embedding o/C[eo, . . . , e„_x] modules a : M c ^> M A ®M B sending 
vq to va ® vb (in fact, a is s\a ® C[t] homomorphism) . 

2) . There is a surjection (3 : (M A )* ® (M B )* (M c )* given by the formula 

f(zi, . . .,z Sl ) ®g(zi, . . .,z S2 ) h-> h(zi, . . .,z Sl+S2 ), 

where 

h(zi, . . . , Z Sl+S2 ) = f{z a {\), ■ ■ ■ , z <j( S1 ))9{ z t(1), ■ ■ ■ ) z t(s 2 ))i 

and the sum is taken over such pairs (a, r) 

a : {1, . . . ,s x } -> {1, . . . , si + s 2 }, t : {1, . . . , s 2 } -> {1, ■ • • , si + s 2 }, 

that o~(i) < a{i + 1), t(J) < r(j + 1) and the images of a and r do not intersect. 

3) .a*=f3. 

Proof. First statement is a special case of the proposition (ll.lfl . One can check that 
the image of (3 is really a subspace of (M c )*. To prove that (3 is a surjection it is 
enough to show 3). To make it clear, recall that the isomorphism between the dual 
space (M A )* and the above space of the symmetric polynomials has the following 
form: 

(M A )*3 6^f e = z i ...zi*6{e n -i- il ...e n -i-i 3 v A ). 

This finishes the proof. □ 

Introduce a notation: 

A(k) = (kai — k + 1, ka2 — k + 1, . . . , ka n — k + 1), k = 1, 2, . . . . 

For example, ^4(1) = A. From the above lemma we obtain a graded algebra Fa — 
0fco( Mj4W )* ( we P ut (M A(0) )* = C). Note that F A is generated by its first degree 
component (M A «)* = (M A )*. 

Now fix some basis vi, . . . ,vn in M A (surely, TV = 11"= l a *)- Denote also by £j 
the dual basis in (M A )*. Recall that sh (n) ^ ¥{M A ). Thus, any point x e sh (n) 
can be written in the basis vf. x — (x\ : . . . : xjq)- 

Proposition 3.1. Fa is the coordinate ring o/sh*-™-*. 
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Proof. We need to prove that for any homogeneous polynomial p in N variables 
the following two statements are equivalent: 

(1) for any x £ sh'™' p(x±, ...,Xjf) =0. 

(2) p(£i, . . . , £n) = (here & and p(£i, ■ ■ ■ , £jv) ar e considered as an elements 
of the algebra Fa)- 

First, let p(fi,...,&v) = 0. Then for any w € M A W pfa, . . . , £ N )w = 0. 
From the lemma (|3.1|) we obtain an embedding: tp : M A ^ — > (M A ) 8)V . Let u> = 
ex P(2jTo e ^*) ' u A(iV)) where are some complex numbers. Note that ifiVAtN) = 
v® N and the operator eu, acting on M A ^ is a sum J^i=Li e fc °f tne operators, 
acting on the corresponding copies of M . Thus 




exp > ejt, • v Al , 



exp 




JV 




exp > e\ 'tj 




E 

Now, let exp (j^^o e?'^) ' V A = Y^iLi x i v i- Then 

JV 

w = 

3=1 

and because of the part 3) of the lemma (|3.1[) we obtain 

= . . -,£,n)w = p{xi, . . .,x N ). 

Hence we have proved that p(x) = for x from the big cell U x = {exp £je,-)' [ua]}- 
But sh*-™-* is a closure of the big cell. Thus p vanishes on all sh' n \ 

Now, let p(x\, . . . ,xn) = for any (xi : . . . : xn) S sh*-"^. Then p vanishes 
on the big cell. The same considerations as in the first part of the proof give us 

p(£i,...,£jv) = o. □ 

3.2. Line bundles on sh (n) . It was proved in the first section that there is a chain 
of bundles 

(42) sh (n) ^sh^ 1 ' -> ... ->sh(l) -P 1 . 

Thus Pic(sh^) = Z™. We want to fix this isomorphism. Let Cj, i = 0, . . . ,n — 1 
be a collection of projective lines in sh^. Namely, 



Q = {exp(e^) • [v A ],t€ C} 

(we fix some A with no coinciding elements and identify sh^ with sh^. Surely, 
our lines do not depend on the choice of A). For example, Co = SL2 • [va\- Because 
of the fibrations 142fl . any line bundle is determined by its restriction on the lines 
d. Let £ be a line bundle, such that £|c< — 0(&j)- Then we denote this bundle as 

£ = 0(6 n _i,6„_ 2 - 6„_i,6 n _ 3 - 6 n _ 2 , ■••,&o - b i)- 

Recall that for any A with a; / <Zj we have an embedding %a '■ sh/"* 1 P(M j4 ). 
Thus for any such A there is a bundle i^O(l) on sh*"-*. The following lemma 
explains the choosed parameterization of the set of bundles. 
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Lemma 3.2. i* A 0(l) ~ Q(en - 1, a 2 - 1, . . . , o« - 1). 

Proof. Note that ff°(sh ( -™- 1 , £|cj — (C[ej] • «a)*- Recall that for any A we have an 
isomorphism (see lemma Hl-41 ): 

(43) C[ei e^J.t;^^-*-'), e 3 ,~ e 3 _ % . 

Thus C[ej]-Vyi is (ai+. . . + a„_j — n+i + l) - dimensional space, and so («*0(l))|c l i ~ 
0(ai + . . . + a n _i — n + i). Lemma is proved. □ 

Recall that there is a bundle 7r nj „_i : sh (n) -> sh ( " _1) with a fiber P 1 . The 
following lemma shows that there exists a rank two bundle £ on sh*-"" 1 ' such that 
sh*-™' is a projectivization of £. 

Lemma 3.3. sh (ll) ~ P ((7rn,n-i)*«( 2 , 3 ,..., n+ i)0(l) 

Proof. It follows from the fact that 3 n +i)0(l)| 7r -i a = 0(1) for any x € 
sh (n - 1} . □ 

Example. In the case n = 2 we have sh (2) ~ P(O(0) © 0(2)). 

We finish this subsection with the computation of the cannonical bundle K s ^ n ) ■ 

Lemma 3.4. K sh(n} ~ 0(-2, . . . , -2). 



Proof. We prove lemma by the induction on n. For n = 1 sh^ 1 ' ~ P 1 and -Kpi ~ 
0(— 2). Suppose our lemma is true for n — 1. Then because of the existence of the 
bundle 7r n ,i : a\y- n ' — * P 1 = Co we obtain that if^M = 0(— 2, . . . , —2, a) for some 

n-i 

a 6 Z. Recall that there is an open (in the Zariski topology) set G • [va] ^ siS 71 ' 
(G is a group SL2(C[i]/t n )), which is fibered over Cq with a fiber C" _1 . Recall also 
(see lemma ljl.3|l ) that we have an equality 



exp ^2 x i e i ' \ v a] = CX P X! ' ^ 




if and only if for two polynomials ai(t) = ^JiZo an d J/W = 127=0 we nave 
x{t)y{t) = 1 in the ring C[i]/i n . To compute the restriction of K sh ^ to Co we 
need to rewrite the form dyo A dy\ A ... A dy n -\ in the Xi-coordinates. It is easy to 
check that the result will be the following n-form: dxo A . . .Adx n -\. Thus the 

restriction of K sh ( n ) to Co is 0(— 2n). Using the fact that K sh ( n ) = 0(— 2, . . . , —2, a) 
we obtain a = — 2. Lemma is proved. □ 

3.3. Fusion products as a dual spaces of sections of the line bundles. 

The main goal of this subsection is to prove the following theorem: let A = 
(oi, . . . , a n ), 1 < <zi < . . . < a n . Then the dual space H°(Q(ai — 1, . . . , a n — 1))* as 
sl 2 ® C[i] module is isomorphic to the fusion product M A . 

Let G = SL 2 (C [*]/£"). Recall the submodule S ii%+ i{A) ^ M A which is the 
cyclic £i_i )U _ 2 module with a cyclic vector Wj ! j_|_i(A). Denote by hi, n the Lie group 
of the Lie algebra £j )n . 
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Definition 3.1. The variety shj™ X) ^ P(S M+ i(A)) ^ P(M A ) is a closure of the 
orbit of the point [vi t i+i(A)] : 

sh («-i) _ L i _ 1>n _ 2 . 

Lemma 3.5. 1). sh^™ ^ is a subvariety of sh^. 
2). S h<"> ^G-I^UU™:^^"- 13 . 

Proof. We will prove both statements together by the induction on n. Consider 
a fiber 7r~i7r„,l(M) ~ sh (n_1) of the bundle 7r n ,i : sh (n) -> P 1 . By the in- 
duction assumption we have the decomposition of this fiber into a cell U' x — 

jexp (j2™~i eit^j ■ divisors shj"~ 2) ,z = 1, . ..,n — 2 and 



m = j^Xi (M) \ ^ \ U sh ^"" 2) ] - sh( '" 2) - 

First note that G • [va] = SL2 • U' x . Next, because of the lemma <|2.8[1 we have 

shf-^SLa-shf- 25 , i = l,...,n-2. 

Finally, because of the lemma (|2.9() we obtain sh| 1 ™_ 1 1 ' ) = SL2 • M. Lemma is 
proved. □ 

The following proposition gives a description of the varieties sh[™ ^ . For the 
convenience, let sh (0) be a point and 7r„ o a unique map 

sh («) ^ sh (o). 

Proposition 3.2. Let i = 2, . . . ,n — 1. Then 

sh^ = {(z,y) G sh("- 2 ) x sh^ : ^-2,^-1 (*) = n n ^ M (y)} 

(recall that n n> k is a projection sh (n) -> sh (fe) with a fiber sh (n ~ fe) ). In the case i = l 
we nave sh\ ~ sir ' . 

Proof. Note that Si, 2 (A) ~ M( 0a - 0l+1 ' a3 '~' »). Thus sh^~ 1} ~ sh (n_1) . 

Recall that we have proved in the proposition l|2.3|l that for any i = 2, . . . , n— 1 
and some special -B G N n ~ 2 , C G N n_l with no coinciding elements in both B and 
C we have an embedding 

S hl+ i(A) <-+ M B ® M c , Vi, i+ i(A) 1 * w B ®w c . 

In addition, Si, j+i (j4) is isomorphic to 

f44) Oe (1) +e (2) e (1) + e (2) e (1) + e (2) 

where the upper index (i) means that the corresponding operator is acting on the 
j-th factor of the tensor product M B ® M c ' . This shows that sh- n is embedded 
to the Cartesian product sh n_2 x sh™~\ Moreover, formula 144fl shows that points 
from (&i n ■ [vi^+^A)] (where <&i „ is the Lie group of an abelian Lie algebra, spanned 
bve (1) +e (2) ' e (1) +e (2) ' e (1) + e (2) e (2) e (1) e (1) ) are the 
pairs (a;, y) from the product of the big cells of sh^™ -2 -* and sh^ 11- ^ with a property 

n n -2,n-i-i(x) = Kn-i,n-i-i(y)- The equality sh|" _1) = <& l>n ■ [v^ i+ i{A)) finishes 
the proof. □ 
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Corollary 3.1. In the case i = n — 1 we have sh^™_ 1 1 ' ) ~ P 1 x sh/ n 2 -* (see the 
remark Qff.ffll. 

Our goal is to prove that for A = (ai < . . . < a n ) fusion product M A is realized 
in the dual space of the sections of 0(ai — 1, . . . , a n — 1). The way of the proof is 
the restriction of the bundles to the subvarieties sh^ . We need some additional 
information about sh^" 1 \ 

Recall that sh'-™-' is fibered over P 1 with a fiber sh'" -1 -'. By the induction on n 
one can show that sh*-™-* is a union of the cells C J (which do not intersect) and the 
number of the cells C l is equal to ("). Thus we obtain H 2l (sh {n \Z) = Z h , l t = (™) 
and i?2i-i(sh'™' ) ,Z) = 0. Recall that we have defined the set of projective lines Ci 
(d = {exp(tei) • [im]})- One can show that the classes of C, in ^(sh*-™-*, Z) are 
generators of the latter group. For the variety M e — > sb^ n ' of the complex dimension 
m we write [M] for the corresponding class in H2 m {si^ n \ Z). 

Denote by sh^ 1 ' the fiber ir'^duA]): = {exp (j2?=i Ufi) ■ 

Surely, sh^™ -1 -' ~ sh*-™ -1 - 1 . Thus, we have a varieties shj™ ^ for j — 1, . . . , n. 

Lemma 3.6. [Cj] • [sh^ ^] = 5i, n -j, where [M] ■ [N] is an intersection number of 
M and N. 

Proof. First, we consider a special cases of i — 0, 1 and j = n,n — 1. All other cases 
are the consequences of these special ones. 

Let i = 0. Then Co doesn't intersect with sh l -"~ 1 ' ) for i < n and Co H sh^™" 1 ' = 

M- 

Let j = n. Then [sh^"" 1 ^ • [C ( ] = for i > because sh(™~ 1} = K~\ir n ,i([u A ]) 
and Ci <^-> ^n^n.iQVA]) for i > 0. 

Let i = l. Then because of the lemma (|2.9|) we have [Ci] ■ [sh| 1 "l 1 1 ' ) ] = 1. Note 

also that [C{\ ■ [shj™ ^] = for i < n — 1. In fact, because of the lemma (|2.8() we 

have shj-™" 1 ^ n i^mC^a]) = sh-™ _2 \ But C\, which is embedded to the fiber 

7r ni 7r ™>i([ i; ^]) — sh''™ -1 '', plays there a role of Co sh*-"'. Thus, we are in the 
situation of the case i = 0. 

Let j = n — 1. We need to show that sh^™^ 1 ' doesn't intersect with d,i > 1. 

Recall that sh^l-, 1 (~l ^^^^([u^]) = sh^Lj . Thus we are in the situation of the 
case j = n. 

All other cases can be considered in the same way, using lemmas (|2.8I 2.9|l . □ 

Corollary 3.2. The classes [sh,- n i = l,...,n are generators of the group 
H2n-2(sh <,n \ Z). Moreover, via the identification if2n-2(sh^, Z) ~ if 2 (slr n \Z) 
shf" 1 ) ^ [C n _,]*. 

Now we need some fact about the restriction of line bundles on sh*-™-* to shj" 1 . 
Recall (see proposition (|3.2Jl ) that there exists a bundle v n ,i ■ sh|" ^ — > sh'-" -1-1 '' 
with a fiber P 1 x sh^ _1 \ Thus, we can first restrict any bundle £ on sh*-™-* to 
P 1 x slr l ~ ' and then to P 1 £ sh^ Denote this restriction by r 4 (£) 

(surely, ?",(£) doesn't depend on a;). 

Lemma 3.7. Let £ = 0(ai, . . . , a n ). Then ?*i(£) = 0(<2j+i — a*). 
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Proof. Note that if the statement of the lemma is true for £1 and £2, then it is also 
true for £| and for £1 ® £2. Hence it is enough to prove our lemma in the case 
< <zi < . . . < a n . 

If < m < ... < a n , then £ = ?,^0(1). Recall (see proposition (|2.2|0 that 
Si, i+1 (A) ^ M A ' ® M A " and 

Si,i+i( A ) = 
Thus we obtain 

But (e^i-i) 04 * 1-0 * 4 " 1 ^' = and (4 2 Vi) ai+1 ~ Ql ("A' ® ^ 0. Lemma 

is proved. □ 

Corollary 3.3. Fix a number i: 1 < i < n. Then for any A = (<2i, . . . , a n ) such 
that a, = ai+i + 1 we have 

(45) dimiF(sl/"\ 0(oi, . . . , a*, a i+ i, . . . , a„)) = 

= dimi? : '(sh ( ™',0(ai, . . . , a i+ i,a;, . . . , a„)), j = 0, 1, 

Proof. Let 1 : Y <— ► X be an embedding, £ a bundle on X. Let Jy(£) be a sheaf 
on X: 

J Y (£)([/) = {ser(C/,£) : s| y = 0} 

([/ is an open set in X). Also denote by E Y the following sheaf on X: £ y = i»j*£. 
We have an exact sequence of the sheaves 

Jy(£) -» £ -► £ y -> 0. 

Note that if X and y are smooth projective complex algebraic varieties, dimX = n, 
codimY" = 1, then Jy(£) is a locally free sheaf and thus gives rise to some bundle 
£' on X, such that ci(£') = Ci(£) — [Y]2 (c\ is the first Chern class). Here we 
fix a notation [Y]2 £ H 2 (X,Z) for the image of the class [Y] s i?2n-2(AT, Z) via 
the identification H 2n - 2 (X,Z) ~ H 2 {X,Z). Now let X = sh (n) , Y = sh|™ _1) , 
£ = 0(ai, . . . , a„). We have an exact sequence: 

(46) — > J sh ( n -i) (0(ai, . . . , a n )) — > 0(ai, . . . , a n 

Let us compute the bundle J , (G(ai, . . . , a n ))- Recall that we have fixed 

a set of generators [C<], i = 0, 1 of 7?2 (sh^™- 1 , Z) such that the set of 

dual generators of i? n _2 (sh^"\ Z) is sh l -™ _1 ' ) , i = l,...,n. It is easy to see that 

c 1 (Q(a 1 ,...,a n )){[Cj]) = a 1 + ... + a n - j . Note also that [sh^ n_1) ] 2 = [C„_ l ]*. We 
obtain 

ci(J sh (n-i)(0(ai, . . . ,a„))) = ci(0(oi, • . .,«„)) - [C n -i]*- 

Thus 

J h (»-i)(0(oi, . . . , a„)) = 0(ai, . . . ,Oj_i,Oi - l,a i+ i +1, ... ,a„). 
In our case (oj = a.; + i + 1) we have a, — 1 = asj+i, cij+i + 1 = aj. 
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From the short exact sequence (|46fl we obtain an exact sequence of the coho- 
mologies: 



(47) 0^H°(O(a 1 ,...,a i+ i,ai,...,a n )) ^ #°(0(ai, . . . , a n )) -» 

-> ff°(0(ai, . . . , a n ) sh ' n_1) ) - ff^OO . . , a. l+1 ,a t , ...))-> 

- ffHOfai, ■ ■ • , O) -» ^(0(01, . . . , a n ) sh '""') -» . . . 

To prove our lemma it is enough to show that iP(0(ai , . . . , a„) sh ; ) = for all i. 
Recall that sh. n_1 ' ) is fibered over sh^"~^ with a fiber P 1 x sh^ -1 ^. We have proved 
that the restriction of the bundle 0(di, . . . , <z„) to the first factor of the fiber is 
0(a,+i — ai). In our case this restriction is equal to 0(— 1). But this bundle has no 
cohomologies. Thus the sheaf G(ai, . . . ,a n ) sh< i ' doesn't have any cohomologies 
too. Lemma is proved. □ 

Lemma 3.8. For any A — (ai < . . . < a n ) G N n there exists a surjective map 
sh (n) -» sh A . 

Proof. The idea is to construct such set B = (pi < . . . < b n ) G N™ that there 
exists a permutation cr of the factors of i^ 6 ™ -1 ) (recall that F is a space of the 
semi-infinite forms and M A F®^™ -1 )) and a vector u G F^ 6 " -0 ") such that 
o~(vb) = va <£> v. If we find such B, the existence of the surjective map shs -» sh A 
will follow from the definition of the Schubert variety. 

Define a map ar : N n — > N n in the following way. Let i (1 < i < n) be a number 
with a properties = di+i and < a J+ i for j < i. Then 

ar(A) = (ai, . . . ,a. t ,a i+1 + l,a i+2 + l,...,a n + 1). 

Surely, there exist such number N that ar (A) has no coinciding elements. Let B 
be ar N (A) with a minimum ./V with the above property. From the definition of Va 
and Vb one can see that there exists such vector v G i* 1 ®^™ -0 ") that <j(vb) = va®v 
for some permutation a. The lemma is proved. □ 

Remark 3.1. The above map sh^™-* -» sh A is a resolution of the singularities of 
the variety sh A . 

Lemma 3.9. Let A = (ai < a 2 < ■ ■ . < a„), a\ > 0. TTien 

n 

dim#°(sh (n) ,0(ai - 1, . . . , a n - I)) > a*. 

i=l 

Proof. First, consider the case < a± < a 2 < ■ ■ ■ < a n . Then there is an embedding 
i A ■ sh (n) <-> P(M A ) and 2^(0(1)) = 0(^-1, . . . ,a n -l). Thus we have a restriction 
map 

H°(¥(M A ), 0(1)) -» JJ°(sh (n \ Ofa - 1, . . . , an - 1)). 
We claim that it is an embedding. In fact, otherwise there exists a linear homoge- 
neous function p(xi, . . . , xjv) (where £C, are the coordinates in M A ), which vanishes 
on sir ' . Because of the proposition (|3.1I) the latter means that we have some linear 
condition on the base elements of (M A )* . 

In spite of the absence of the embedding %a in the case when there exists dj = 
Oi+i, there is still a map Ca : slr^ — » P(M A ), which is a composition of the 
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surjective map from the lemma (|3.8[) and the embedding of sh^ to P(M A ). This 
finishes the proof of the lemma. □ 



Theorem 3.1. Let A = (0 < a a < . . . < a n ). Then 

n 

(48) dim J ff°(sh ( " ) ,0(ai,...,a„)) =[](a 4 + l) 

i=i 

and all the higher cohomologies vanish. 
Proof. First we will prove the inequality 

n 

dimif°(sh (n) , 0(oi, ...,«„))<I]( fl , + l) 

4=1 

by the induction on n. For n = 1 it is obvious, because sh^ = P 1 . Suppose our 
statement is true for n — 1. Denote by M the preimage of some point from P 1 via 
the map tt„,i. Surely, M ~ sh ( ™ _1) . Note that [M] = [sh^ _1) ] = [C* ]*. Thus we 
have the following exact sequence (see the proof of the corollary (|3.3|) ): 

(49) -+ 0(oi, . . . , a n _ l5 a n - 1) -> O(oi, . . . , a„) -> O(oi, . . . , a„) M -» 0. 
Note also that if 7 is an embedding of M to sh^ , then 

7*0(oi, . . . , On) = 0(ai, . . . , On_i). 

Hence 7? z (0(ai, . . . , a n ) M ) ~ £P(0(ai, . . . , a„_i)). Let us write an exact sequence 
of cohomologies associated with the short exact sequence (|49f) : 

(50) ^(0(0!, . . . , a n _i, o„ - 1)) -> H°(0(oi, . . . , a„)) -> 

-► H°(0(oi, . . . , a„_i)) -► ^(0(01, . . . , a n _i, a„ - 1)) -> 
-» J ff 1 (0(ai, . . . , a„)) -> ^(0(01, . . . , a n _i)) -» 

-> ff 2 (0(ai, . . . , a n _i, a„ - 1)) -»• . . . 

By the induction assumption we know that 

dim# (Q(ai,...,a„_i)) < + 

i=i 

Thus we obtain from the exact sequence l|5Uf) that 

71-1 

(51) dimif°(Q(ai, . . . , a„)) < J](a ?; + 1) + dimff°(0(ai, . . . , a n ^,a n - 1)). 

i=i 

Now, applying many times the inequality l|51|) , using the formula l|45|) for j ; = and 
a fact that 0(0, . . . , 0) is a trivial bundle we obtain that dimiJ°(0(ai, . . . , a„)) < 
nr=i( a * + -0- Because of the lemma <|3.9[) we obtain the equality l|48|) . 

To clarify the above procedure, let us give an example of the using of the in- 
equality ijST]) and formula JISJ. Denote by d(ai, . . . , a n ) the dimension of the space 
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H°(0(a 1: . . . ,a n )). Let A = (2,3,4). Then we have: 

(52) d(2, 3, 4) < d(2, 3, 3) + 3 • 4 < d(2, 3, 2) + 12 + 12 = d(2, 2, 3) + 24 < 

< d(2, 2, 2) + 9 + 24 < d(2, 2, 1) + 9 + 33 = d(2, 1, 2) + 42 = d(l, 2, 2) + 42 < 

< d(l, 2, 1) + 6 + 42 = d(l, 1,2) + 48 < d(l, 1, 1) + 4 + 48 < 1, 0) + 4 + 52 = 

= d(l, 0, 1) + 56 = d(0, 1, 1) + 56 < d(0, 1, 0) + 58 = 

= <2(0, 0, 1) + 58 < d(0, 0, 0) + 59 = 60 = 3 • 4 • 5. 

To finish the proof of the theorem we must show that all the higher cohomologies 
vanish. Already proved statement l(4^|l allows us to rewrite the exact sequence IpjOj) 
in the following way (we use the induction assumption about the vanishing of the 
higher cohomologies for n — 1): 

-» H\Q(a u a n _ x ,a n - 1)) - H\Q(a lt . . . , a n )) -» -» 

-» H 2 {0(a 1: a„_i, a„ - 1)) -» H 2 (0(oi, . . . , a„)) -» -> . . . . 

Using this exact sequence and the corollary l|3.3|l we obtain the vanishing of the 
higher cohomologies. The theorem is proved. □ 

Corollary 3.4. Let A = (1 < a± < . .. < a n ). Then we have an isomorphism of 
the sl 2 ® (C[i]/t™) modules: 

J ff°(sh (n) ,0(ai-l,...,a„-l))* ~ C ai * . . . * C a " = M^ 1 -- ^. 

Proof. Consider the embedding %a '■ sh^™-* — > P(M A ) in the case of the different dj 
and a map : sh'™- 1 — > P(M A ) otherwise. The above theorem states that the map 

i?°(P(M A ), 0(1)) - F°(sh^, 0( Ol - 1, . . . ,a„ - 1)) 
coming from the equalities 

£0(1) = 0(ai - 1, . . . , a n - 1), a*Q(l) = O(oi - 1, . . . , a n - 1) 
is an isomorphism. But H°(¥(M A ), 0(1)) ~ (M A )*. □ 
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